We compute the critical temperature for the chiral transition in the background of a magnetic field in the linear sigma model, including the quark contribution and the thermo-magnetic effects induced on the coupling constants at one loop level. We show that the critical temperature decreases as a function of the field strength. The effect of fermions on the critical temperature is small and the main effect on this observable comes from the charged pions. The findings support the idea that the anticatalysis phenomenon receives a contribution due only to quiral symmetry effects independent of the deconfinement transition.
I. INTRODUCTION
The properties of strongly interacting matter under the influence of magnetic fields exhibit intriguing properties. Recent lattice QCD results indicate that the transition temperature with 2 + 1 quark flavors, as measured from the behavior of the chiral condensate and susceptibility as well as from other thermodynamic observables such as longitudinal and transverse pressure, magnetization and energy and entropy densities, significantly decreases with increasing magnetic field [1] [2] [3] . This result is in conflict with earlier lattice QCD calculations that found an increasing critical temperature with the intensity of the field [4, 5] as well as with several results obtained from model calculations [6] [7] [8] [9] .
The above behavior has been dubbed magnetic anticatalysis, since the magnetic field makes the phase transition harder instead of aiding it. Possible explanations include invoking a fermion paramagnetic contribution to the pressure, with a sufficiently large magnetization [10] , a back reaction of the Polyakov loop, which could indirectly feel the magnetic field [11, 12] and magnetic inhibition due to neutral meson fluctuations in a strong magnetic field [13] . More recently, Refs. [14, 15] have postulated an ad hoc decreasing magnetic field and temperature dependent coupling, inspired by the QCD running of the coupling with energy, in the Nambu-Jona-Lasinio model.
In a recent study [16] we have shown that the decrease of the coupling constant with increasing field strength can be obtained within a perturbative calculation in a model where charged scalars are subject to the effect of a constant magnetic field, the so called Abelian Higgs model. This behavior introduces in turn a dependence of the boson masses on the magnetic field and a decrease of the critical temperature for chiral symmetry breaking/restoration. The essential ingredients for the calculation are the finite temperature effective potential in the presence of a magnetic field together with the proper handling of the plasma screening effects that have been recently consistently formulated for theories with spontaneous symmetry breaking [17] . The question that remains is to elucidate the simultaneous effects of quarks and bosons to explore the way they contribute to the anticatalysis phenomenon. In this work we undertake such exploration in an effective QCD model. We use the linear sigma model with quarks to study the chiral symmetry breaking/restoration with magnetic fields. The work is organized as follows: In Sec. II we recall the basic features of the linear sigma model with quarks in the presence of a magnetic field and write the effective potential at finite temperature including all of the model's degrees of freedom. In Sec. III we find the thermo-magnetic corrections to the boson self-coupling and the coupling between fermions and bosons. In Sec. IV we find the effects of the thermo-magnetic dependence of the couplings on the critical temperature for chiral symmetry restoration transition. We find that this critical temperature is a decreasing function of the magnetic field. We finally summarize and conclude in Sec. V.
II. EFECTIVE POTENTIAL
The model is given by the Lagrangian
where ψ is a SU(2) isospin doublet, π = (π 1 , π 2 , π 3 ) is an isospin triplet and σ is an isospin singlet, with
is the covariant derivative. A µ is the vector potential corresponding to an external magnetic field directed along theẑ axis,
and q is the particle's electric charge. A µ satisfies the gauge condition ∂ µ A µ = 0. Since A 3 = 0, the gauge field only couples to the charged pion combinations, namely
The neutral pion is taken as the third component of the pion isovector, π 0 = π 3 . The gauge field is taken as classical and thus we do not consider loops involving the propagator of the gauge field in internal lines. The squared mass parameter µ 2 and the self-coupling λ and g are taken to be positive.
To allow for an spontaneous breaking of symmetry, we let the σ field to develop a vacuum expectation value v
which can later be taken as the order parameter of the theory. After this shift, the Lagrangian can be rewritten as
where
and represent the Lagrangian describing the interactions among the fields σ, π and ψ, after symmetry breaking. From Eq. (6) we see that the σ, the three pions and the quarks have masses given by
respectively. Using Schwinger's proper-time method, the expression for the one-loop effective potential for one boson field with squared mass m 2 b and absolute value of its charge q b at finite temperature T in the presence of a constant magnetic field can be written as
where ω n = 2nπT are boson Matsubara frequencies. Similarly, the expression for the one-loop effective potential for one fermion field with mass m f and absolute value of its charge q f at finite temperature T in the presence of a constant magnetic field can be written as
whereω n = (2n + 1)πT are fermion Matsubara frequencies. The sum over the index r corresponds to the two possible spin orientations along the magnetic field direction.
Including the v-independent terms, choosing the renormalization scale asμ = e −1/2 µ and after mass and charge renormalization, it has been shown in Ref. [17] that the thermo-magnetic effective potential in the small to intermediate field regime can be written as
where q is the absolute value of the charged pions' charge (q = 1), q u = 2/3, q d = 1/3 and γ E is Euler's gamma. Though we take the quark masses as equal, the notation emphasizes that the effective potential is evaluated accounting for the different quark charges. We have introduced the leading temperature plasma screening effects for the boson's mass squared, encoded in the boson's selfenergy Π. For the Hurwitz zeta function ζ(−1/2, z) in Eq. (11) to be real, we need that
condition that comes from requiring that the second argument of the Hurwitz zeta function satisfies z > 0, even for the lowest value of m 2 b which is obtained for v = 0. Furthermore, for the large T expansion to be valid, we also require that
The diagrams representing the bosons' self-energies are depicted in Fig. 1 . Each column corresponds to the diagrams contributing to the self-energy of a given boson. The total self-energy for any boson is identical to the other's and thus we concentrate on computing the diagrams in column (a).
The contribution from the individual diagrams require of the expressions [hereby capital letters are used to denote four-momenta in Eucledian space, e.g. (14) where N f is the number of fermions and the corresponding propagators are given by
and for the charged particle propagators we have used Schwinger's proper-time representation. For the computation of Π a3 we work in the infrared limit, namely, P = (0, p → 0) and with the hierarchy of scales qB, m 2 i < T 2 . It has been shown [18] that this limit can be formally implemented by straightforward setting P = 0 in the third of Eqs. (14) . The leading contribution at high temperature from each of these diagram is
and therefore, considering the permutation factors, the total self-energy is given by
III. ONE LOOP THERMO-MAGNETIC COUPLINGS
Let us now compute the one-loop correction to the coupling λ, including thermal and magnetic effects. Figure 2 shows the Feynman diagrams that contribute to this correction. Columns (a), (b), (c), (d), (e) and (f) contribute to the correction to the
2 terms of the interaction Lagrangian in Eq. (7), respectively. Since each of these corrections lead to the same result, we concentrate on the diagrams in column (a). Each of the three diagrams involves two propagators of the same boson. be obtained from
where P i is the total incoming four-momentum and D and D B are the boson propagators defined in Eqs. (15) .
Once again we work in the infrared limit, namely, P i = (0, p → 0) and with the hierarchy of scales where qB, m
It is known that in order to properly implement this hierarchy [19] , it is necessary to separate the contribution from the zero mode from the rest of the modes in Eq. (18) . We therefore write
J n=0 is straightforward computed with the result
where we have also included the plasma screening effects for the boson's mass squared [17] . The contribution from the rest of the modes is performed by resorting to the weak field limit of the boson propagator [20] 
The sum and integrals in J n =0 are performed by means of the Mellin summation technique [21] with the result
We have also included the plasma screening effects for the boson's mass squared and have carried out the mass renormalization introducing a counter term δm 2 = −1/ǫ + γ E − ln(2π). The function J(0; m 
Considering the permutation factors and the contribution from the s, t and u-channels, the correction for the self- coupling λ to one-loop order is given by
Note that λ eff depends on v through the dependence on the boson masses. Let us furthermore take the approximation where we evaluate λ eff at v = 0. The rationale is that we are pursuing the effect on the critical temperature which is the temperature where the curvature of the effective potential at v = 0 vanishes. Figure 3 shows the behavior of λ eff (v = 0) as a function of b = qB/µ 2 for three different values of t = T /µ. Note that in all cases the effective coupling is a decreasing function of the magnetic field strength. We now turn to the calculation of the thermo-magnetic correction of the coupling g. Figure 4 shows the Feynman diagrams that contribute to this correction. We are interested in computing an effective value for this coupling, g eff , also for v = 0, in the same manner we did for λ eff . Columns (a), (b) and (c) contribute to the correction to the quark-σ, quark-π 0 and quark-π ± terms of the interaction Lagrangian of Eq. (7), respectively. Since each of these corrections lead to the same result, we concentrate on the diagrams in column (a). Note that from Eq. (8), for v = 0 the masses of σ and π 0 become degenerate and since the two bottom diagrams contribute with opposite sign, they cancel [incidentally, this also happens with the two bottom diagrams in columns (b) and (c)]. We thus concentrate on the top diagram in column (a). The expression for this diagram is written as
where P i represents the incoming momentum and m u,d are the u and d-quark masses, respectively. We emphasize that the quark masses are taken as equal and that the notation makes reference to the fact that the propagators are evaluated accounting for the different quark charges. The explicit computation is carried out in the weak field limit, with the boson propagator given by Eq. 3). This last curve is also a growing function of b = qB/µ 2 , as can better be seen in the inset, though the growth is less strong than the case computed with λ and g taken as constants.
the fermion propagator given by [22] 
Using Eq. (26) into Eq. (25) and working in the high temperature limit, were we can neglect the incoming momentum in the numerator, we get up to order B 
where since we are pursuing an effective vertex correction, we have written Eq. (27) after averaging over the quark spins. Note that in order to handle high powers in the denominators, we can use the identity
and thus, we only need to explicitly calculate the first term in Eq. (27). The sum over Matsubara frequencies can be carried out straightforward and the result is
where we have taken the infrared limit, P i → 0. n f stands for the Fermi-Dirac distribution and
Therefore, using Eqs. (29) and (28) and performing the integration by means of the method in Ref. [23] and evaluating at v = 0, we get the expression for the effective thermo-magnetic correction to the top diagram in column (a) of Fig. 4 in the infrared limit as
where we have introduced a counter term δm have computed the correction for v = 0. Therefore the correction to g at one-loop order is given by
(32) Figure 5 shows the behavior of g eff as a function of b = qB/µ 2 for three different values of t = T /µ. Note that contrary to the behavior of λ eff the effective boson-quark coupling g eff is a growing function of the magnetic field strength, though the growing is rather mild.
IV. CRITICAL TEMPERATURE
Let us now study the effect that the thermo-magnetic corrections to the couplings have on the critical temperature. We first look at the cases where we set the couplings to their tree level values and where only thermal effects are included. Figure 6 shows the critical temperature in these cases, obtained from setting the second derivative of Eq. (11) equal to zero at v = 0, normalized to the critical temperature for vanishing magnetic field. Note that in both cases the critical temperature is an increasing function of the field strength though, when the thermal effects on the couplings are included, the growth is tamed. Figures 7 and 8 show the critical temperature for the case where we consider the full thermo-magnetic dependence of the couplings. Figure 7 shows the case when we set the tree-level coupling λ to a fixed value and vary the tree-level coupling g. Figure 8 shows the complementary case where we set the tree-level coupling g to a fixed value and vary the tree-level coupling λ. Note that in all cases the critical temperature is a decreasing function of the field strength.
V. SUMMARY AND CONCLUSIONS
In summary, we have shown that when including the one-loop thermo-magnetic effects for the couplings in the linear sigma model with fermions interacting with an external magnetic field, the critical temperature for the chiral transition is a decreasing function of the field strength. This behavior is a direct consequence of the decrease of the boson self-coupling with the field strength. The effect of the fermions is marginal and the main contribution comes from the charged pions. We emphasize that the thermo-magnetic dependence of the couplings has been computed -as opposed to assumed-within the model itself. Though the linear sigma model is not equivalent to QCD, it captures one of its low energy features, namely, chiral symmetry restoration at finite temperature, whose primary physical consequence is the change of the particle's masses as a function of the order parameter. As follows from Eqs. (8) , since the couplings enter as an ingredient into the boson's masses, the modification of the couplings introduces a magnetic field dependence on these masses and thus on one of the main parameters describing symmetry restoration. Since the linear sigma model used in this calculation contains no variables that make reference to the deconfinement phase transition such as the Polyakov loop, the anticatalysis we find is determined only by parameters associated to chiral symmetry. We thus confirm our findings in Ref. [16] where we showed that confinement may not necessarily be an ingredient needed to understand the lattice results, or at least that the magnetic field effects on the chiral symmetry restoration and confinement transitions may be independent.
